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Abstract. Monte Cvlo simulations determine the fraction of not yet flipped spins as a 
function of time. if the initial spin canfigmtion is random in a nearest-neighbour lsing model. 
The exponent of Derrida. Bray and Codreche in one and two dimensions is reconfirmed for 
much larger systems and genenlized to three dimensions. In five and more dimensions, 
this nearest-neighbour king model suggesh an asymptotically finite fraction of never Ripping 
spins. 

Checking whether spins Rip in a finitetemperature Monte Carlo simulation is an old method 
for understanding phase transitions, in particular for spin glasses [ 1 3 ] .  Derrida, Bray and 
Godreche recently applied it to zero temperature and found non-trivial power laws for 
the time dependence of the fraction r, of spins which have not yet been flipped when 
starting from a random distribution with half the spins up and half the spins down in an 
king ferromagnet [5 ] .  Even in one dimension, they found r, c( t4.37 for long times t .  
The present addendum tries to answer the question of how this exponent depends on the 
dimensionality d ,  and whether the exponents of Derrida et a1 [5] are influenced by finite-size 
effects. 

We work with the usual nearest-neighbour spin-f Ising model of Ld spins (ignoring 
the Pons generalizations of [5]) with Glauber kinetics; at zero temperature that means 
orienting each spin in the direction of the majority of its neighbours, and to orient it 
randomly if it has as many up as down neighbours. We work with regular updating instead 
of the random updating of [5]. While at finite temperatures this choice is unimportant 
for the equilibrium properties and the dynamical critical exponent [6], in the present 
T = 0 case a different behaviour might be possible. For 2 < d < 7 we use a multi- 
spin coding technique with one bit per spin [7] where consecutively updated spins are 
not nearest neighbours. For d = 1 we instead used one word per spin and updated 
the chain consecutively from left to right. Thus possible deviations from [5 ]  should be 
strongest for the one-dimensional case. If in the case of an equal number of up and 
down neighbours we orient the spin not randomly but always in one direction, we arrive 
at a bootstrap percolation model [8] discussed both numerically and analytically [9] and 
exhibiting logarithmic size effects. Therefore we try much larger system sizes than [ 5 ] :  
L = lo9, 100800, 1960, 280, and 72 for d = 1 to 5 (short simulations were made for 
8 g 5 ,  406, 247). 

Figure 1 summarizes our simulations. The larger the dimensionality d, the slower the 
decay with time f of the fraction rl of spins which have not yet Ripped. For long times, r, 
decays as t-0.376, t-O.Z20 t-0,166 , respectively, in one to three dimensions, confirming the 
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Figure 1. Variation with time of the fraction of spins which have not yet been flipped, in one 
(0, L = IO9) to five (t, L = 72) dimensions, The small dots refer, from top to bonom, to four 
(L = 280). three ( L  = 432 and 1960). and two (L = IW800) dimensions. 

exponents -0.37 and -0.22 of [51. Figure 2 shows more precisely the onedimensional 
effective exponent d(log r,)/d(log f) (found by least-square fits in consecutive intervals) as 
a function of time, and suggests an error bar of the order of In two dimensions, we 
found important finite-size effects and sample-to-sample fluctuations for t > IO4 for 3002 
spins, the size used in [5 ] .  If, as discussed in [5], domains grow and then become as large as 
the system, such behaviour has to be expected. Since Derrida etal simulated up to t = 104 
and used only f c lo3 for their exponent determination, their results are not significantly 
influenced by finite-size effects and agree with ours. 

In four dimensions, rt seems to remain finite or to decay to zero only logarithmically 
with time. For d > 4 we no longer see a clear decay towards zero. For example, at t = 200 
in d = 5, we found r, = 0.292,0.280, 0.277, 0.276, 0.287, 0.278, and 0.279 for L = 16, 24, 
32, 40, 48, 56 amd 72 and thus no clear finite-size effect except for L = 16. Derrida et nl 
suggest a $ law for the domain growth, and in the above two-dimensional example, and 
similarly in three dimensions, we found finite-size effects at t N Lz/lO. If that rule also 
holds in higher dimensions, size effects should not be visible for 7Z5 spins at the observation 
times of figure 1, and cannot explain the deviations from a power-law decay seen there for 
five dimensions. Thus our data suggest that in five and more dimensions a finite fraction 
of spins never flip, whereas four dimensions are unclear. Nevertheless, the logarithmic size 
effects from bootstrap percolation [SI serve as a warning that here, as in other simulations, 
new effects could become visible for larger systems. 

Possibly this numerical dependence on d is merely due to the different number of 
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Figure 2. Effective exponent of the time decay in one dimension, versus reciprocal time. Longer 
simulations in smaller chains me compatible with lhis result. 

neighbours: with increasing d it becomes less and less probable that a spin initially has as 
many up as down neighbours. For the square lattice with nearest and next-nearest neighbours 
we recovered the exponent -0.22 for t > IO3, L = 1001, whereas for the triangular lattice 
with six neighbours all spins were flipped after a few hundred steps. (At finite temperatures, 
eventually all spins flip, and r, decays exponentially, as we confirmed at T = Tc.) 

Thus at present d = 4 seems to be the border case between low dimensions where the 
fraction of not yet flipped spins decays with a power of time, and high dimensions where 
a finite fraction never flips. 

We thank J Keds2 for drawing our attention to [5] ,  B Derrida for an advance copy of it, 
and M Schreckenberg and B Derrida for many critical discussions, and HLRZ Julich and 
RRZ Koln for computer time. 
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